In this paper, bounds of Riemann-Liouville k-fractional integrals and bounds of generalized Riemann-Liouville k-fractional integrals have been established. To establish these bounds we use m-convexity and monotonicity of utilized functions. A very simple approach is followed to obtain these results. Also applications of presented results are discussed.
INTRODUCTION
A function f : [a, b] → R is said to be convex, if The concept of m-convex functions is introduced in [17] . Since a lot of integral inequalities has been established due to m-convex functions for more details (see, [1, 4, 6, 7, 8] ). x 4 − 5x 3 + 9x 2 − 5x is 16 17 −convex function but it is not m-convex for any m ∈ ( 16 17 , 1]. Next we give the definition of well known Riemann-Liouville fractional integrals. 
The left-sided and right-sided Riemann-Liouville k-fractional integrals are given in [15] .
with a ≥ 0 are defined as:
A more general definition of the Riemann-Liouville fractional integrals is given in [13] . Definition 1.4. Let f : [a, b] → R be a integrable function. Also let g be an increasing and positive function on (a, b], having a continuous derivative g on (a, b). The left-sided and rightsided fractional integrals of a function f with respect to another function g on [a, b] of order σ > 0 are defined as:
where Γ(.) is the Gamma function.
Generalized Riemann-Liouville k-fractional integrals is given in [14] . σ , k > 0 are defined as:
These are compact forms of fractional integrals in the sense that a lot of fractional integrals can obtained as desired. Surprisingly such particular form of fractional integrals are independently investigated by many authors in recent years. These are comprise in the following remark. (i) If we take k = 1, then we get the Definition 1.4 of Riemann-Liouville fractional integrals with respect to an increasing function.
(ii) If we take g(z) = z, then we get the Definition 1.3 of Riemann-Liouville k-fractional integrals.
(iii) If we take g(z) = z and k = 1, then we get the Definition 1.2 of Riemann-Liouville fractional integrals.
(iv) If we take g(z) = z ρ ρ , ρ > 0 and k = 1, then we get the definition of Katugampola fractional integrals given in [2] .
(v) If we take g(z) = z τ+s τ+s and k = 1, then we get the definition of generalized conformable fractional integrals defined by T. U. Khan et al. in [12] .
(vi) If we take g(z) = (z−a) s s , s > 0 in (9) and g(z) = − (b−z) s s , s > 0 in (10) , then we get the definition of conformable (k, s)fractional integrals defined by S. Habib et al. in [10] .
(vii) If we take g(z) = z 1+s 1+s , then we get the definition of conformable fractional integrals defined by Sarikaya et al. in [16] .
(viii) If we take g(z) = (z−a) s s , s > 0 in (9) and g(z) = − (b−z) s s , s > 0 in (10) with k = 1, then we get the definition of conformable fractional integrals defined by F. Jarad et al. in [11] .
In Section 2, we give the bounds of the left-sided and right-sided Riemann-Liouville kfractional integrals. To establish these bounds we use m-convexity of utilized function. In Section 3, we give the bounds of the left-sided and right-sided generalized Riemann-Liouville k-fractional integrals. To establish these bounds we use m-convexity and monotonicity of utilized functions. The presented results are also have some connections with already published [3, 5, 9] results. In Section 4, we give the applications of the established results of Section 2 and Section 3.
BOUNDS OF RIEMANN-LIOUVILLE k-FRACTIONAL INTEGRALS
In this section, we give the bounds of Riemann-Liouville k-fractional integrals. To establish these bounds we use m-convexity of utilized function. First we give the following bounds of the sum of the left-sided I σ ,k a + f and right-sided
then the following inequality holds:
Proof. Consider the function f over the interval [a, z]. Then for σ ≥ 1 and k > 0, the following inequality holds:
By using m-convexity of f , we have
From (12) and (13), one can has
By using the (5) of Definition 1.3 and after simplification, we get
Now consider the function f over the interval [z, b] . Then for τ ≥ 1 and k > 0, the following inequality holds:
Again by using m-convexity of f , we have
From (15) and (16), one can has
By using the (6) of Definition 1.3 and after simplification, we get
From inequalities (14) and (18), we get (11) which is required inequality.
Corollary 2.1. By taking σ = τ in (11), then we get the following inequality:
If we take k = 1 in (11), then we get the following inequality for Riemann-Liouville fractional integrals.
then for σ , τ ≥ 1, the following inequality holds:
Proof. Proof is on the same lines as the proof of Theorem 2.1.
Corollary 2.3. By taking σ = τ in (20), then we get the following inequality: (iv) If we take m = 1 in (21), then [5, Corollary 1] is obtained.
Next result is the generalization of some known result.
m-convex, then the following inequality holds:
for all z ∈ [a, b] and σ , τ, k > 0.
Proof. For σ , k > 0 the following inequality holds:
From (23) and (25), one can has
Therefore (26) takes the form
Also from (24), we can write
Following the same way as we did for (23) and (25), similarly we have
From (27) and (29), we get
Now for τ, k > 0, the following inequality holds:
Again by using m-convexity of | f |, we have
Following the same procedure as we have done for (23) and (24) one can obtain from (31) and
(32), the following inequality:
From inequalities (30) and (33) via triangular inequality, we get (22) which is required inequality.
Corollary 2.4. By taking σ = τ in (22), then we get the following inequality:
If we take k = 1 in (22), then we get the following inequality for Riemann-Liouville fractional integrals.
m-convex, then for σ , τ > 0 the following inequality holds:
Proof. Proof is on the same lines as the proof of Theorem 2.2.
Corollary 2.6. By taking σ = τ in (35), then we get the following inequality: 
BOUNDS OF GENERALIZED RIEMANN-LIOUVILLE k-FRACTIONAL INTEGRALS
In this section, we give the bounds of the generalized Riemann-Liouville k-fractional integrals. To establish these bounds we use m-convexity and monotonicity of utilized functions.
These bounds are the generalization of the bounds proved in Section 2. First we give the bounds of the sum of the left-sided I σ ,k g,a + f and right-sided I σ ,k g,b − f generalized Riemann-Liouville k-fractional integrals. 
z a g(t)dt
Proof. As we know that the function g is differentiable and strictly increasing, therefore (g(z) − g(t)) σ k −1 ≤ (g(z) − g(a)) σ k −1 holds true. Then for g (z) > 0, σ ≥ 1 and k > 0, the following inequality holds:
From (13) and (38), one can has
By using the (9) of Definition 1.5 and after simplification, we get
Now for τ ≥ 1 and k > 0, the following inequality holds:
From (16) and (40), one can has
By using the (10) of Definition 1.5 and after simplification, we get
From inequalities (39) and (41), we get (37) which is required inequality.
Corollary 3.1. By taking σ = τ in (37), then we get the following inequality:
If we take k = 1 in (37), then we get the following inequality for generalized Riemann-Liouville fractional integrals. . Then for σ , τ ≥ 1, the following inequality holds:
Proof. Proof is on the same lines as the proof of Theorem 3.1.
and (51), the following inequality:
From inequalities (50) and (52) via triangular inequality, we get (45) which is required inequality.
Corollary 3.4. By taking σ = τ in (45), then we get the following inequality:
If we take k = 1 in (45), then we get the following inequality for generalized Riemann-Liouville fractional integrals.
. Also let f be differentiable and | f | is m-convex, and g be also differentiable and strictly increasing with g ∈ L[a, b]. Then for σ , τ > 0, the following inequality holds: Proof. If we take z = a and z = b in (37), then adding resulting inequalities, we get (61) which is required inequality. (ii) If we take k = m = 1 in (61), then [9, Theorem 4] is obtained.
(iii) If we take σ = k = m = 1 and g(z) = z in (62), then Corollary 4.2 is obtained. 
